Introduction and state of the art {#Sec1}
=================================

This first half of a two-part paper provides a thorough review and a critical analysis of the pioneering work of H.L. Resnikoff on color perception developed within the papers \[[@CR1]--[@CR3]\] and the book \[[@CR4]\]. These works are amongst the major inspirations for a modern program of re-foundation of colorimetry that will be discussed in the second part, in which it will be shown how to recast Resnikoff's model in a quantum-like theory via the framework of Jordan algebras.

Even if it may be surprising at first glance, Resnikoff belongs to a vast ensemble of mathematicians, physicists, biologists, philosophers, and even poets fascinated by the concept of color. The list is impressive, ranging from Plato to Wittgenstein, passing through Aristotle, Descartes, Hook, Newton, Euler, Young, Helmholtz, Maxwell, Grassmann, Riemann, Goethe, Schopenhauer, Locke, Weber, Fechner, Dalton, Hering and, last but not least, Schrödinger (see e.g. \[[@CR5]\] for a modern translation of Schrödinger's work on color).

In fact, it is the research about the mathematical analogies between optics and color on one side and the oscillating behavior of quantum particles on the other that led Schrödinger to propose the famous equation which bears his name in quantum mechanics \[[@CR6]\]. As it will be recalled in Sect. [2](#Sec2){ref-type="sec"}, Schrödinger performed a synthesis of the most important findings about the mathematical theory of color perception in a coherent set of axioms, introducing one of his own. This can be thought of as a psycho-physical counterpart of what Maxwell did for electromagnetism.

The experiments of Wright and Guild, see e.g. \[[@CR7]\], could have paved the way for further development in the mathematical understanding of color perception; however, the then recently founded Commission Intérnational de l'Éclairage (CIE) took a more practical path by building up geometrically flat color spaces which had the advantage to be easier to handle for engineering purposes. While the XYZ space still stands today as a handy color space for colorimetry, its developments until recent years, see e.g. \[[@CR8]\], lacked mathematical rigor and introduced ad-hoc parameters to adapt newly discovered phenomena to the existing color space structures instead of modifying their geometry to fit the new observations.

Resnikoff's papers and book, instead, put in question the flat geometry of the color space. They were written in the middle of the 70s of the twentieth century, about the same period when researchers in relativistic quantum field theory developed the *standard model* of fundamental physical interactions and when some first attempts to fuse quantum mechanics and general relativity into a single theory were proposed. This *zeitgeist* could explain the reason why Resnikoff decided to use techniques which are quite common in theoretical physics (as Riemannian geometry, homogeneous spaces, Lie groups and algebras) to study color perception. In this sense, his achievements could be considered a very elegant example of 'theoretical psycho-physics'.

In spite of its extreme originality and deepness, Resnikoff's work remained practically unnoticed until today, probably due to the fact that the mathematical knowledge needed to understand the meaning of his findings is quite vast and does not belong to the typical mathematical background of scientists working on colorimetry.

One of the aims of this paper is to rewrite Resnikoff's results in more modern and pedagogical terms, thus making them accessible to a wider range of researchers in colorimetry, vision science, and image processing.

We will discuss in particular detail the homogeneity axiom for the space of perceived colors $\documentclass[12pt]{minimal}
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                \begin{document}$\mathcal {P}$\end{document}$, which led Resnikoff to show that, if we accept the homogeneity hypothesis, $\documentclass[12pt]{minimal}
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                \begin{document}$\mathcal {P}$\end{document}$ can only be the canonical Helmoltz--Stiles space well-known to colorimetrists, or a completely new space of hyperbolic nature. We will provide an alternative and much simpler proof of this result, underlining also an error in the original demonstration proposed by Resnikoff in \[[@CR1]\].

Differently from the standard colorimetric setting, Resnikoff established his theory in what we call today *color in context* i.e. a color stimulus embedded in a uniform background. This aspect appears to be crucial for the development of his theory, because the group of transformations acting transitively on $\documentclass[12pt]{minimal}
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                \begin{document}$\mathcal {P}$\end{document}$ are identified with background changes. However, we remark that a major issue remains open: background transformations must be linear to fit in Resnikoff's theory, but no experimental data is available yet to confirm or confute this hypothesis. For this reason, we will discuss a psycho-physical experiment that can be used to verify the linearity of background transformations.

Finally, we will show that the crispening effect contradicts Resnikoff's hypothesis that background changes are isometries with respect to the perceptual color metric. Thus underlying the need of further research about perceptual color metrics.

Review of Schrödinger's axioms for the space of perceived colors {#Sec2}
================================================================

Schrödinger's axioms for the space of perceived colors can be resumed with the following statement: *the space of perceived colors is a regular convex cone embedded in a real vector space of dimension less or equal to 3*.

The validity of this sentence, however, is *bounded within the limits of the standard observational conditions of colorimetry*, which, as we are going to discuss, are very restrictive and far from those of a natural visual scene.

We start with the notation and nomenclature that we need for the rest of the paper. $\documentclass[12pt]{minimal}
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                \begin{document}$\varLambda=[\lambda_{\text{min}},\lambda_{\text{max}}]$\end{document}$ denotes the *visual spectrum*, the extrema of *Λ* are left unspecified because their numerical values are not important and because there is no agreement about them. Typically, one chooses $\documentclass[12pt]{minimal}
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                \begin{document}$\lambda_{\text{max}}=780\mbox{ nm}$\end{document}$ (extreme red).$\documentclass[12pt]{minimal}
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                \begin{document}$\textbf{x}:\varLambda\to \mathbb {R}^{+}$\end{document}$: is the light function representing the electromagnetic radiation associated with the *color stimulus* or *physical light*. A *spectral color stimulus*$\documentclass[12pt]{minimal}
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                \begin{document}$\textbf{x}_{\lambda_{0}}(\lambda)$\end{document}$ relative to the wavelength $\documentclass[12pt]{minimal}
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                \begin{document}$\lambda_{0}$\end{document}$ is a narrow-band visible radiation, generally modeled by a Gaussian centered in $\documentclass[12pt]{minimal}
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                \begin{document}$\lambda_{0}$\end{document}$ and with a small standard deviation (typically of the order of 1 nm), or a piece-wise constant function everywhere null in *Λ* apart from a small interval of wavelengths containing $\documentclass[12pt]{minimal}
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                \begin{document}$\lambda_{0}$\end{document}$.Since light stimuli have finite energy i.e. $\documentclass[12pt]{minimal}
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                \begin{document}$\int_{\varLambda}\textbf{x}(\lambda)^{2} \, d\lambda< +\infty$\end{document}$, a physical light can be considered as an element of $\documentclass[12pt]{minimal}
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                \begin{document}$L^{2}(\varLambda)\subset L^{1}(\varLambda)$\end{document}$, where the inclusion holds because the Lebesgue measure of *Λ* is finite. Light stimuli are real valued, so $\documentclass[12pt]{minimal}
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                \begin{document}$L^{2}(\varLambda)$\end{document}$ will be considered as a real vector space, and we will write $$\documentclass[12pt]{minimal}
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                \begin{document}$$ L_{+}^{2}(\varLambda)=\bigl\{ x:\varLambda\to[0,+\infty), x\in L^{2}(\varLambda)\bigr\} $$\end{document}$$ for the space of color stimuli.*Standard colorimetric observational conditions*: in the conventional tests, a physical light **x** is presented in a *dim room* to an observer with an aperture angle of either 2 degrees (foveal vision) or 10 degrees (extra-foveal vision). As we will see in Sect. [3.2](#Sec5){ref-type="sec"}, Resnikoff does not consider this standard observational conditions since, in his model, **x** is presented as a small central area seen against a uniformly illuminated background. In this latter case we talk about color in (uniform) context. Experiments about color in non-uniform context are still quite rare, see e.g. \[[@CR9], [@CR10]\], and confined to a very simple geometric configuration, far from the complexity of natural scenes. In this section, only the standard colorimetric observational conditions will be considered.*Color matching*: the typical way to compare the perception of two physical lights $\documentclass[12pt]{minimal}
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                \begin{document}$\textbf{x},\textbf{y} \in L_{+}^{2}(\varLambda)$\end{document}$ is to divide the field of view into two (creating a *bipartite field*) and putting the two color stimuli side-by-side. **x** and **y** are said to *match* if no edge is perceived between them. We stress that this is not the only way to perceptually compare color stimuli, but it is by far the more common for the standard colorimetric observational conditions described above.For any $\documentclass[12pt]{minimal}
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                \begin{document}$\textbf{x},\textbf{y} \in L_{+}^{2}(\varLambda)$\end{document}$, we write $\documentclass[12pt]{minimal}
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                \begin{document}$\textbf{x}\sim\textbf{y}$\end{document}$ to mean that **x** and **y** are perceived as identical[1](#Fn1){ref-type="fn"} in a color matching experiment. We stress that, when we write the expression $\documentclass[12pt]{minimal}
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                \begin{document}$\textbf{x}\sim\textbf{y}$\end{document}$, the color stimulus **x** is shown *on one side* of the bipartite field and **y***on the other side*. The symbol is well posed since ∼ is indeed an equivalence relation \[[@CR11]\].The *space of perceived colors* in the standard colorimetric observational condition is defined as the set of equivalence classes of equally perceived lights i.e. the quotient space $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \mathcal {P}= L_{+}^{2}(\varLambda)/{\sim} . $$\end{document}$$ The equivalence class of **x** will be simply denoted by *x*: $$\documentclass[12pt]{minimal}
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                \begin{document}$$ x=[\textbf{x}]_{\sim}. $$\end{document}$$ Given $\documentclass[12pt]{minimal}
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                \begin{document}$x,y\in \mathcal {P}$\end{document}$, $\documentclass[12pt]{minimal}
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                \begin{document}$\textbf{x} \sim\textbf{y}$\end{document}$, so that *equality in*$\documentclass[12pt]{minimal}
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                \begin{document}$\mathcal {P}$\end{document}$*means perceptual match of color stimuli*. The 0 of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal {P}$\end{document}$ is the equivalent class of all physical lights that are so dim to be perceived as black.We can endow $\documentclass[12pt]{minimal}
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                \begin{document}$\mathcal {P}$\end{document}$ with the operations of *sum* and *multiplication by a positive real scalar*. For any $\documentclass[12pt]{minimal}
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                \begin{document}$\textbf {x},\textbf{y} \in L_{+}^{2}(\varLambda)$\end{document}$ and any positive scalar $\documentclass[12pt]{minimal}
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                \begin{document}$\textbf{x}+\textbf{y}$\end{document}$ is interpreted as superposition of light beams and *λ***x** as the intensity modulation of **x** by the factor *λ*. These operations defined on $\documentclass[12pt]{minimal}
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                \begin{document}$\mathcal {P}$\end{document}$ simply by defining $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \lambda_{1} x+\lambda_{2} y=[ \lambda_{1} \textbf{x}+\lambda_{2} \textbf {y}]_{\sim}, \quad\forall\lambda_{1}, \lambda_{2} \in \mathbb {R}^{+}, \forall \textbf{x},\textbf{y} \in L_{+}^{2}(\varLambda), $$\end{document}$$ so $\documentclass[12pt]{minimal}
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                \begin{document}$\textbf{z}\sim\lambda_{1} \textbf{x}+\lambda_{2} \textbf{y}$\end{document}$. Dubois proved in \[[@CR11]\] that, if we consider the standard observational conditions of colorimetry, these operations are well defined in the sense that they do not depend on the choice of the representative in the perceptual equivalence class. To resume, in $\documentclass[12pt]{minimal}
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                \begin{document}$\mathcal {P}$\end{document}$ it is possible to operate *conical* combinations of perceived colors i.e. linear combinations with positive real coefficients. In particular, convex combinations of elements of $\documentclass[12pt]{minimal}
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                \begin{document}$\mathcal {P}$\end{document}$ i.e. conical combinations with coefficients summing to 1, are well defined.The smallest vector space containing $\documentclass[12pt]{minimal}
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                \begin{document}$\mathcal {P}$\end{document}$ is $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ V=\mathcal {P} - \mathcal {P}=\{x-y, x,y\in\mathcal {P}\}, $$\end{document}$$ see e.g. \[[@CR12]\]. The elements of *V* written as −*y*, with $\documentclass[12pt]{minimal}
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                \begin{document}$y\in\mathcal {P}$\end{document}$, will be called *virtual colors*. To understand the role of virtual colors in colorimetry, it is worthwhile recalling the famous Wright and Guild experiments, see e.g. \[[@CR7]\] or \[[@CR8]\], which have shown that, for a fixed color stimulus $\documentclass[12pt]{minimal}
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Axiom 4 means that every collection of more than three perceived colors is a linearly dependent family in *V*.

A finer version of Axiom 4 can be obtained with the following argument. First of all, notice that Axioms 1--3 prevent the $\documentclass[12pt]{minimal}
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To resume, Axioms 1--4 imply this stronger version of Axiom 4. **Axiom 4'** For all quadruple of perceived lights $\documentclass[12pt]{minimal}
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There are only two options coherent with Axiom 4'. The first option is that three coefficients have the same sign and the remaining one has an opposite sign. Since equality in *V* is color matching and a negative coefficient means that the corresponding light stimulus must be shown on the other side of the bipartite field, this means that one light stimulus color matches the superposition of other three light stimuli.

In the second option, two coefficients are positive and two are negative: this means that the superposition of two lights stimuli color match the superposition of other two lights stimuli. We thus see that Schrödinger's axioms are coherent with the experiments of Wright and Guild \[[@CR8]\].

Another direct consequence of Axiom 4 is that the dimension of *V* is either 1, 2, or 3. In particular, we call an observer for which: $\documentclass[12pt]{minimal}
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In what follows, we will fix our attention only on the trichromatic case i.e. $\documentclass[12pt]{minimal}
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As stated in the introduction, in \[[@CR1]\] Resnikoff used the theory of homogeneous spaces to study the geometry and the metrics of the perceived color space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal {P}$\end{document}$. This is far from being a trivial task, since the equivalence classes that make up $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal {P}$\end{document}$ are very difficult to characterize from a mathematical point of view. Thus, a theory of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal {P}$\end{document}$, which bypasses the use of these equivalent classes, is highly desirable.

Understanding why Resnikoff considered homogeneity a paramount property in the analysis of $\documentclass[12pt]{minimal}
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If *X* is a nonempty set and *G* is a group, then a map $\documentclass[12pt]{minimal}
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------------------------------------------------------------------------------------
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in \mathbb {R}^{+}=(0,+\infty)$\end{document}$, called *brightness* and denoted with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b(x)$\end{document}$, is proportional to log*x* (for a wide range of intensities). Thus, the relative brightness $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b(x_{1})-b(x_{2})$\end{document}$ between two visual stimuli of intensity $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x_{1}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x_{2}$\end{document}$ is proportional to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\log(x_{1})-\log(x_{2})=\log\frac{x_{1}}{x_{2}}=\log \frac{\lambda x_{1}}{\lambda x_{2}}$\end{document}$ for all positive coefficients *λ* belonging to the range of values for which Weber--Fechner's law is valid. This explains why the relative brightness is invariant under the simultaneous modification of light intensity expressed by $$\documentclass[12pt]{minimal}
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------------------------------------------------------------------------------------

Resnikoff's model for a homogeneous perceived color space is intimately connected with the nonstandard observational configuration that he assumed, which is depicted in Fig. [1](#Fig1){ref-type="fig"}. Figure 1Observational configuration assumed by Resnikoff. In Resnikoff's model a color is always associated with a couple given by a physical light and a uniform background illumination in which it is embedded

In this setting, a color is always associated with a light stimulus embedded in a uniform context. It follows that, in this context, the definition of $\documentclass[12pt]{minimal}
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                \begin{document}$\textbf{x}_{i}$\end{document}$ embedded in the corresponding background $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\textbf {b}_{i}$\end{document}$ induce the same perceived color $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in \mathcal {P}$\end{document}$. Resnikoff does not comment if, in this nonstandard observational configuration, $\documentclass[12pt]{minimal}
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                \begin{document}$\mathcal {P}$\end{document}$ is a regular convex cone also in this setting.

As in Sect. [2](#Sec2){ref-type="sec"}, we define the smallest vector space containing $\documentclass[12pt]{minimal}
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                \begin{document}$V=\mathcal {P}-\mathcal {P}$\end{document}$. The only difference is that in Resnikoff's setting color match will be done for color stimuli embedded in a uniform background and not for stand-alone physical lights. This requires a novel specification of color matching that Resnikoff did not discuss.

Once established the model framework, we can begin with the mathematical construction that leads to the homogeneity axiom. First of all, since $\documentclass[12pt]{minimal}
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Resnikoff claimed that if we interpret $\documentclass[12pt]{minimal}
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                \begin{document}$B\in\operatorname{GL}^{+}(\mathcal {P})$\end{document}$ as a '*change of background illumination*', or *background transformations* for short, then the action of $\documentclass[12pt]{minimal}
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                \begin{document}$y\in \mathcal {P}$\end{document}$ by an appropriate change of background illumination, see Fig. [2](#Fig2){ref-type="fig"} for a graphical representation of this phenomenon. Figure 2An example of effect of background change. The inner disks appearing in the center of the two images are exactly the same physical color stimuli. However, the one in the left image is perceived, with respect to its background illumination, as a very saturated green, instead, after the change of background illumination shown by the image on the right, the color stimulus is perceived as yellowish. Due to the small size of the color stimuli on this document, they are surrounded by a thin black circle to enhance their visibility
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                \begin{document}$\operatorname{GL}^{+}(\mathcal {P})$\end{document}$. Notice that this is *not a physical property* of color, but a *perceptual feature* of human vision, usually referred to as *chromatic induction*, see e.g. \[[@CR9], [@CR10], [@CR19]\] for more details about how induction can be measured.

We now need some topological considerations. $\documentclass[12pt]{minimal}
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One might object that, operationally speaking, transforming any color sensation $\documentclass[12pt]{minimal}
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                \begin{document}$x_{2}$\end{document}$. By iterating the previous steps, we arrive at the match with the desired color *y*. Of course, the experimental process has to be performed painstakingly and it is likely to be very time-consuming, but the mathematical argument discussed above guarantees that the procedure can be performed within a finite number of steps.

In Fig. [3](#Fig3){ref-type="fig"} we report the perceived colors $\documentclass[12pt]{minimal}
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                \begin{document}$x_{1},\dots ,x_{5}$\end{document}$ obtained with the process described above, which shows how a color sensation can be gradually moved toward another one via composition of background transformations. Figure 3Composition of background transformations. From left to right: the effect of composing four background transformations with the procedure explained in the text

All the considerations discussed so far justify why Resnikoff was led to postulate his own fifth axiom on the structure of the color space. **Axiom 5** (Resnikoff 1974, \[[@CR1]\]) $\documentclass[12pt]{minimal}
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Axioms 1 to 5 imply that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal {P}$\end{document}$*is an open convex regular homogeneous cone* (and, as such, also *connected* and *contractible*) embedded in a three-dimensional vector space *V*.

Such objects have been classified and this is what will allow us to explicitly determine the only possible geometrical structures of $\documentclass[12pt]{minimal}
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                \begin{document}$\mathcal {P}$\end{document}$. However, we postpone this analysis to Sect. [4](#Sec7){ref-type="sec"} after an interlude in which we discuss an important issue related to the linearity of background transformations.

The issue of linearity in Resnikoff's model {#Sec6}
-------------------------------------------

The transitive action of the changes of background illuminations on $\documentclass[12pt]{minimal}
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                \begin{document}$\mathcal {P}$\end{document}$ because a perceived color is still such after a background change; moreover, all transformations *B* are clearly invertible since we can perform the reverse change and turn back to the original color sensation.

However, there is a crucial issue that Resnikoff failed to analyze: *it is not clear why background changes should be linear*. Actually, Resnikoff himself, in the paper \[[@CR2]\] published a little after \[[@CR1]\], declared this issue to be '*the least verified aspect*' of the group of transformations that he considered.

Mathematically, linear background transformations $\documentclass[12pt]{minimal}
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                \begin{document}$$ B(\alpha x+\beta y)=\alpha B(x)+\beta B(y), \quad\alpha,\beta\in \mathbb {R}^{+}, x,y\in \mathcal {P}. $$\end{document}$$ In Fig. [4](#Fig4){ref-type="fig"} we outline a psycho-physical experiment to check the additivity of background transformations. A similar procedure can be used to verify if *B* behaves linearly with respect to scaling. Figure 4A psycho-physical experiment to check the additivity of background transformations. The experimental setup outlined in the picture can be used to check the additivity of background transformations, see the text for a detailed description

Consider two physical lights **x**, **y** and their superposition $\documentclass[12pt]{minimal}
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Until the linearity hypothesis about the changes of background is experimentally confirmed, it remains a conjecture that lies at the core of Resnikoff's model.

If these transformations turned out to be nonlinear, this would not invalidate Resnikoff's results that we will discuss in the following section, it would just mean that the group $\documentclass[12pt]{minimal}
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In this section we make use of the standard results of homogeneous spaces theory to prove the most important outcome of \[[@CR1]\]. Classical references are e.g. \[[@CR20], [@CR21]\], and \[[@CR12]\].
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The following result will be fundamental: if a differential manifold *X* is a *G*-homogeneous space w.r.t the action $\documentclass[12pt]{minimal}
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We have all the information that we need in order to give an alternative, simpler, proof of the main result of \[[@CR1]\].
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The first characterization embodies the well-known color spaces with three separated chromatic coordinates e.g. LMS, RGB, XYZ, and so on, see e.g. \[[@CR22]\]. The second characterization obtained by Resnikoff is novel with respect to the classical flat color spaces. and it introduces the Poincaré--Lobachevsky 2-D space of constant negative curvature $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\operatorname{SL}(2,\mathbb {R})/\operatorname{SO}(2)$\end{document}$ in color theory.

Proof of Theorem [1](#FPar1){ref-type="sec"} {#FPar2}
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The proof provided by Resnikoff in \[[@CR1]\] is not only much longer and difficult to follow, but it is also flawed. In fact, one of the fundamental arguments for his proof is the statement on page 112 that, whatever the dimension of $\documentclass[12pt]{minimal}
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The models of the hyperbolic space $\documentclass[12pt]{minimal}
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------------------------------------------------------------------------------------------------------
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Differently than Euclidean spaces or spheres, hyperbolic spaces can be characterized in several equivalent ways, called *models*, each one useful for different purposes. For a general discussion about hyperbolic models, see e.g. \[[@CR27]\]. Here, we just report the models of the hyperbolic space of interest for us i.e. $\documentclass[12pt]{minimal}
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Once Resnikoff established the only possible geometrical structure of $\documentclass[12pt]{minimal}
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Let us also recall the local coordinate expression of *g*: we fix a local chart $\documentclass[12pt]{minimal}
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A piecewise regular curve *γ* in *X* that minimizes the Riemannian distance between a pair of points $\documentclass[12pt]{minimal}
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Resnikoff wanted to analyze the consequences of the following assumption (that he called Axiom 6): if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$d:\mathcal {P}\times \mathcal {P}\to [0,+\infty)$\end{document}$ is the Riemannian distance on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal {P}$\end{document}$ that measures perceptual differences between pairs of perceived colors $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x,y\in \mathcal {P}$\end{document}$, then *d* satisfies $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ d\bigl(B(x),B(y)\bigr)=d(x,y), \quad\forall x,y\in \mathcal {P}, \forall B\in\operatorname{GL}^{+}(\mathcal {P}) $$\end{document}$$ i.e. the perceptual dissimilarity between *x* and *y* is the same as that between $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x'$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$y'$\end{document}$ or, in mathematical terms, *B* is an isometry for the distance *d*. This assumption, however, must be refuted because it is not coherent with human color perception as clearly shown by the *crispening effect* represented in Fig. [5](#Fig5){ref-type="fig"}. The same couple of color stimuli is embedded in three different backgrounds, it is clear that *the perceptual difference is not background independent*. Figure 5The crispening effect. The crispening effect (see text) used to refute Resnikoff's Axiom 6 about the invariance of the perceptual color metric with respect to changes of background illuminations

It is, however, very interesting to follow Resnikoff's argument and determine the metrics of $\documentclass[12pt]{minimal}
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To resume, *the Helmholtz--Stiles metric on*$\documentclass[12pt]{minimal}
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                \begin{document}$\mathcal {P}_{2}$\end{document}$*cannot be considered perceptual metrics for color in context* since they violate the crispening effect. By color in context we mean color stimuli perceived in a visual scene in which the background can undergo temporal and/or spatial changes. Of course, the crispening effect does not disqualify the metrics above when the background is fixed. However, in this case, we cannot use anymore the argument about the invariance under background changes to single them out.

In 1974, at the time of Resnikoff's paper \[[@CR1]\], only a few papers about this perceptual phenomenon were available. This explains why, not being aware of it, he wrongly assumed that a perceptual color metric should be background-invariant.

Conclusions {#Sec10}
===========

A detailed analysis of the Resnikoff model and his homogeneity axiom for the space of perceived colors $\documentclass[12pt]{minimal}
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Secondly, we have underlined the exigence of developing psycho-physical experiments to check the linearity of background transformations that Resnikoff supposed to be identified with the group of symmetries acting transitively on $\documentclass[12pt]{minimal}
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Finally, we have discussed Resnikoff's hypothesis about the isometric character of background transformations with respect to the Riemannian metrics on $\documentclass[12pt]{minimal}
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In the second half of this two-part paper, $\documentclass[12pt]{minimal}
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Appendix {#Sec11}
========

We discuss in this appendix a counter-example which shows that it is not true, as claimed by Resnikoff, that the contractility of $\documentclass[12pt]{minimal}
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The argument can be discussed already for the case $\documentclass[12pt]{minimal}
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Resnikoff avoids using the term *metameric equivalence*, which refers to the case when **x** and **y** have different spectral radiant power distribution, but they generate the same tristimulus values \[[@CR7]\] i.e. the weights of three fixed primary colors that are needed to match a reference color. Following Resnikoff, we do not employ the metameric equivalence because the primaries do not intervene in his model.

This assumption is *true for non-coherent light* because, for coherent light, destructive interference can extinguish light intensity in certain spatial positions when two light beams are superposed.

That is to say, the only Riemannian distance for which the multiplication by a positive scalar is an isometry, see Sect. [5](#Sec9){ref-type="sec"} for more details about this.
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